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ABETRACT

A gyroscope with frictionless bearings was designed and built.
Resonance experimernts with oils of various viscosities substantiated the
results of the authortgprevious work, i.e., to account for the observad
bebavior of the gyroscope at resonance, Stewartson'!s inviscid theoryz*
requires a viscous correction. Wedemeyer's 3 theory for viscous correction
predicts tzat, for a laminar boundary layer on the walls of the cavity,
tae damping factor srould be of the form

5 = constant .

JRe

This pas been verified by present experiments.

The experiments also showed that the rate of growth of the nutational
ampiitude at resornance is strongly influenced by the nature of the bourndary

ia;-.r. At larger ampiitudes, ncon-linear bebavior of the oscillating fluid

appears to dominate responses of the gyroscope.

* - . . . s
Superscript numbers refer to rcferences whicn may be jound on page 36-
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1. INTRODUCTION

Experiments” performed with liquid-filled shell in free flight
and with a lijuid-Iilled gyroscope have shown that the dynamic response
of these systems at resonance (instability) is Reynolds number dependent.
In comparison with Stewartson's inviscid theoryz, it was found that at
lower Reynolds numbers:
a. The rate of divergence of the nutational amplitude at
resonance is not as large as predicted.
b. The resonance band is considerably broader than predicted.
c. The resonance occurs at a slightly lower frequency than the
nutational frequency of the system.
Agreement with the inviscid theory improves as Reynolds numbers increase,
and at Reynolds numbers of the order of 106 » the agreement should be very
good.

VWedemeyer has shown3

» that these differences between inviscid theory
and observations with real fluids can be reconeiled by postulating the
existence of a boundary layer oa the walls of the cavity. The boundary
layer arises as a consequence of interaction between the perturbation
velocities in the rotating fluid ard the walls of the cavity. Fluid
energy is lost in this interaction arnd an effective damping is introduced
into the oscillating fluid. A1l fluid fregquencies, therefore, instead
of veing pure imaginaries, as in inviscid theory, would be complex
guantities. In Stewartson's notatior, these would be of the form

T =T +1ib6,
(o] 00

where Too is the resonant frequency of an inviscid fluid and & is the
damping factor of the 'ro mode. Wedemeyer also has shown that for a
Jaminar boundary layer the damping factor should be of the form

ccnstant

JRe

5=




where Re is the Reynolds number defined as

e

with ©® axial spin
radius of the cavity
kinematic viscosity.

However, in the experiments reported in Reference 1, it was found
that the experimental data are better represented by the damping factor:

constant
o= = -

JRe
The reason for the -1/4 power dependence on Reynolds number rather than
-1/2 was not clear. It was pointed out, however, that although the
range of the Reynolds numbers of the experiments was fairly large, their
distribution was such that the exponent of Re in correlation of b vs Re
could not be well determined.

There was another element which could have contributed to the =1/b
power dependence of b on Re. The outer and inner gimbals of the gyroscope
were supported by ball-bearings. These bearings snowed strongly non-
linear damping bebavior at small amplitudes. Hence, all measurements of
the damping rates were made at fairiy large amplitudes, between one and
five degrees. It was conjectured that even if a lamipar boundary layer
existed at very small oscillations, it could become unstable at larger
amplitudes. This might have led to a different power dependence on the
Reynolds numbers.

To resolve this matter, and for other reasons, a gyroscope of greater
sensitivity was required. Such a gyroscope was designed and built.

The previous resonsnce experiments were repeated with considexrsbiy
better distribution of Reynolds numbers. The results of these experiments
are the subject of this report.




2. THE GYROSCOPE

The old gyroscope was described in Reference 1. The new gyroscope
is shown in Figure 1. 1Its principalcharacteristic is that its inner and
outer gimbals are supported by "Bendix Flexure Pivots", shown in an
insert in Figure 1. The pivot consists of ecrossed flexible spring leaves
so arranged ard mounted that one half of the unit can rotate about the
common axis with very little transverse displacement due to the imposed
curvature of the springs. The rotation is frictionless, has negligible
hysteresis, and is linear (within 2.5 percent) with applied torque up

to deflections of 15 degrees.

To measure angular displacement of the gyroscope, strain gages were
mounted on one of the pivot spring leaves of the outer gimbal. The strain
gages formed part of a bridge circuit whose amplified output was continously
monitored on a photographic recorder provided with calibrated timing lines.
Twc typical records are shown in Figure 2. Repeatable records could be
obtained of oscillations of less than one half degree amplitude.

The rotor is spun by a 27 volt DC motor capable, depending on the
load, of spins up to about 7,000 rpm. The spin is controlled by a
variable power supply and is measured by a calibrated Strobotac. Two
different rotors were constructed, one of steel, another of aluminum.
The rotor could accommodate lucite inserts permitting easy construction

of cavities of various dimensions and geometries.

The inertial properties of the gyroscope cculd be varied by additions
of heavy brass rings, centered at the pivot point. Thus, the nutational
frequency of the system could be changed from Tn = .02 to Tn = .12 in

increments of .02.

The present experiments were conducted at 5,000 rpm, with cylindrical
cavities of diezmeters of 2 inches and 2.5 inches, and using No. 2 ring.

The physical characteristics of the empty gyroscope were:
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No Fluid

2" Cavity 2.5" Cavity
Moments of Inertia, lbs. -in2
Axjal, T 82.60 67.25
Transverse, I 1376.7 1260.1
T .0600 L0534

n

3. THE EXPERIMENTS

In earlier experimentsl, three liquids were tested: water, Vv = 1 c.s.;
0il, Vv = 10 c.s.; and glycerine, v = 1,000 c.s.. These tests were supple-
mented by the data from free-flight tests with 20mm shell using glycerine
as a fluid. In the present experiments, silicon oils (Dow Corning Corp.)
of various viscosities were used. Table I summarizes pe-tinent physical
characteristics of these oils together with the Reynolds numbers of

corresponding experiments.

Table I
Oils and Reynolds Humbers
Viscosity Sp. Gr. Re
v, c.s. at 77OF. 2" Cavity 2.5" Cavity
1 218 3.38 x 107 5.19 x 10°
3 .900 1.13 x 105 1.73 x 105
5 .20 6.7€ x 101‘ 1.0k x 105
i3* .940 2.60 x 101‘ k.00 x 101‘
Lo* .960 7.53 x lO3 1.06 x th
100 .058 3.38 x 103 5.19 x 10°
350 .972 0.97 x 103 1.48 x 103
1,000 .972 3.38 x 102 5.19 x lO2
* Inadvertently, these two oils were partially mixed resulting in above
viscosities. Original viscosities were 10 and 50 centistokes.




In order to observe a complete resonance curve, the cavities were
designed to resonate at 85 percent fill-ratio. From Stewartson?s Tables
one finds the required fineness ratio, c/a. For a rotor with 2" cavity
diameter, T, = .060, the required fineness ratios are:

2,4

c/a = 1.0307 (2j + 1) J=0,1,2, ---

The chosen cavity was c/a = 3.092 (j = 1) which had a volume of 328 cc.
For a rotor with 2.5" cavity daimeter, T, = .053.

c/a = 1.0257 (25 + 1) J=0,1, 2, -

The chosen cavity was c/a = 3.077 (j = 1) with a volume of 605 cc. These

were convenient cavity sizes.

For some fluids, complete resonance curves were measured by 1ary1ng
fill-ratios. For others, only the peaks of the resonance curves were
estarlished.

L. THE DATA

According to the thecry of resonance, i.e., when the fundamental
fluid frequency, ‘EO, coincides with the nutational frequency of the system,
the arplivude of the nutational component of yaw grows as ealt, where
al is the growth rate and t is the time. From measurements of the
axplitudesas a function of time given by tke photographic recorder, the
rate of divergence is readily established. Table II summarizes these
results. A fill-ratic at which the maximum rate of divergence occurs
is also included together with the inviscid fundamental fluid frequency
corresponding to this fill-ratio.

™o effects of viscosicy show clearly in Table II. As viscosity
increases, (1) the maximum rate of divergence, at resonance, decreases,

(2) maximun instability occurs at progressively higher fill-ratios, or

at lower fluid frequencies.

i3




TABLE II

MAXTMUM RATE OF DIVERGENCE OF THE NUTATIORAL AMPLITUIE AT RESORANCE
CORRESPONDING FILL-RATIO AND FUNDAMERTAL FLUID FREQUERCY, Too (INVISCID)

) 2" Cavity 2.5" Cavity
Viscosity ay Too ! oo
V Cc.S. per sec percent per sec percent
1 .232 83.9 .060 .522 84.5 .055
3 ATk 83.9 .060 43 83.9 .0%
5 .138 83.8 .061 .355 84.5 .055
13 .091 84.4% .059 .295 85.1 .053
49 .06 85.5 .055 .160 85.8 .051
100 .0ko 87.2 .051 .109 86.8 .ok8
350 .0L8 88.8 . .043
1,000 -029 90.1 -039
T .060 .055

5. DAMPING FACTORS

As previously pointed out, in the vicinity of resonance the nutational
amplitude grows as
alt
e (o = wr)

where w is the axial spin of the gyroscope and

t=1/245 - (1, -1 ) (@)

S = pa5$2R;2
I oc/a
X

p = fluid density,

a = redius of the cavity,

1k




2R = tabulated function in Stewartson Tables,
[Rote: In Reference 2 this is called R,
but a factor of 4 is missing in the Equation
3 (5.12). 1In Reference 4, 2R is tabulated.
Rumerically, however, the two tables -re
identicall],
o=l -1/s, s

gyroscopic stability factor,

4
]

polar moment of inertia,
c/a = fineness ratio of the cavity.

For instability, T must be real, or
s - (= -T)2>0- - (2)
o n
The maximum rate of divergence is at exact resonance, T, = T for which
the inviscid rate of divergence is:

(@), = wr, =5/5 (3)

1

where Ti is the inviscid T as given by Stewartson's theory. Since /3 is
essentially a constant, inviscid theory does not accouat for the observed

bebavior of (al)max for various fluids as shown in Teble II.

In Referenc= 1 it is shown that a marked improvement in the agreement
between the theory and tie observations can be achieved by making the
eigen frequencies of the fluid complex quantities, i.e., introducing a
damping factor. As shown by 1in!edemeyexj , the damping factor arises as a
ratural consequence of the existence of the boundary layer on the walls
of the cavity acring as an energy sink. If one modifies Stewartson's
frequencies by adding an imaginary component.

T =71T_ + id (%)

. 1 . -
it can be easily shown™ that an expression for the viscous T, Tv’ becomes:

15




2 _ 2
T, =1/2 {/"—*——2—2‘—-6} (5)

where

o)
]

25(t_ ~-1)
00 L-

At resonance, 7 - T = 0, Equation (5) simplifies to

T, = 1/2 [JS + 82 6] . (6)

The maximum viscous divergence rate.is:

(o), =

We assume that the observed maximum divergence rates, Table II, are

viscous rates, i.e.:

( obs (al) .

To determine &, the damping factor, we form a ratio of the theoretical

inviscid to viscous rates at resonance

(a ) Ti
di__ B (7)
CA ) v Js+8 -5
and use the above assumption. From Equation (7):
5=1/248 (" -3 . (8)

Table ITT summarizes the dsmping factors so computed togetner with
other pertinent information.

16
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A plot of log & vs log Re (Table I) is sho.a in Figure 3. As can
be seen, a slope of - 1/2 satisfies the observations reasonably well. With
these data it is found that the damping factor, for j = 1 mode, can be
represented by
) _1.04 % .12 s.4.

5 . (9)
JRe

Figures 4 and 5 show a comparison between the observed and the theo-

retically computed resonance curves for two oils, v =1 c.s. and v = 100
c.s. Theoretical curves were computed using Equation (5) with the damping
factor as given by Equation (9). The agreement is quite good although
for the more viscous o0il the width of the resonance band is somewhat over-
estimated. From Table III, the inviscid heights of the al vs T curves

are 1.7 and 8.4 times the viscous heights for the two oils, respectively.
The inviscid half width of the resonance curve is .003 on th: T scale.
Therefore, the differences between the viscous and the inviscid resonance

curves are quite large, especially for more viscous oils.

Figure 3 also shows the data from Reference 1. These observations,
as reported, are reascnably well represented by

LA £ .02 s.d.
Yre

As previously surmised, the difference between Equations (9) and (10)

might be due to change in the character of the boundary layer at larger

amplitudes (data of Reference 1). The change in the boundary layer may

alter the rate at which the nutational amplitude grows and, hence, the

inferred damping factor.

5=

. (10)

6. THE AMPLITUDES

As designed, the limiting amplitude of oscillations of the present
gyroscope is 150. This limit is imposed by the Bendix pivots and the
gyroscope is provided with a suifable amplitude limiting ring, see

18
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RATE OF DIVERGENCE vs T, Vv = 1 c.s.
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Figure 1. In practice, however, because of slight precessional motion,
dus tc 2ry small asymmetries present in the system, the maximum unrestricted
" . _.mplitude was found to be only 12°.

A _series of amplitude records, at exact resonance, with the gyroscope
empty and filled with oils of various viscosities are shown in Figures 6,
7, 8, and 9. The vertical grid lines are one second intervals. The origin
of the specially marked time scale is arbitrary. The discontinuities in
the records are special timing merks of the recorder.

The records show a number of interesting features. Initially, the
amplitude grows exponentially, and the rates given in Table II correspond
to ttis growth. This rate, however, suffers a rather sudden discontinuity,
see Figure 2. Following this discontinuity, the amplitude maintains, for
awhile, its exponential growth, but at a new rate. As amplitude continues
1o grow, there appear other breaks and wrinkles in the envelopes of
amplitudes for lighter oils. But, on the whole, beyond a certain level of
amplitude, the amplitude grows more nearly linearly rather than exponentially.
Finally, by a rather sharp break, the amplitude reaches a constant value
and ceases to grow further, see Figures6and 7. This appears to be a
steady state condition for, in some experiments, the gyroscope was
permitted Lo run for as long as twelve minutes with the amplitude remaining
at an essentially constant value. At larger viscosities, the level of
constant amplitude increases. For the most viscous oils, the constant
amplitude plateau was beyond the reach of the gyroscope with its limiting
amplitude of 120, see Figure 9.

It is probable that, at lower amplitudes, the breaks in the rate of
growth e~- associated with the changes in the character of the boundary
layer; as the amplitude grcws, non-linear effects become progressively
ncre importart.

For low viscosity oils, i.e., high Reynolds numbers, the first
discontinuity in the rate occurs at rather small amplitudes, see Figare 2.

However, this discontinuity is progressively delayed as the viscosity

increases. The first breek is marked by an arrow on the records and the

22




FiG. 6

EMPTY GYROSCOPE AND WITH OIL, V = 1 c.s.

AMPLITULES:




. IRV rU ooy TH -3 r~
T 11 SR i A . o
b w gV il ™
R . S “«.. '
~8 ' _..,“.,,_:.M.r,;. i
\ : v il |
-9 :
‘o n
A\ .
_., .“... ‘w 3]
, ERIAY
! .r.um N

$-3TSoNTS
1
40
v

N

P,

. £ .
! {7 \ 0
o »
d. g -8 v X
5 i 13 1
¥4, m v - )
ﬁmfr N )
i "
i >
i}
[
w\i o
Y. - 9]
i i
& {
o )
. I
ol =
»on R
]
7 o

5

¥
a3

ke 3

tf 9.;“& ] e
{
& ik St 4m
2 o b R §1h)
N R SRS S
\*- >4 oYt E .ﬁ\. ‘.~__1 AL ; &

S

KITHPR R
o




o
v

PR CRTd S
el
Ll 55-‘}\’(5%

‘g_‘hf-

'3

¢
'? '.'1.-'.‘

4
J 4w

IR

i

RIS

= o
o - RE ' st
N R
el W 2 fd P

I
i

08gREES

o, |

i

o] 4

1-SZCONDS

-
-

25" caviry
SO00 RPR
Ve49cs.

. - e~
SN YT . .
L s L4

m

(A%

\n




e ot St
Poaee T e N . T s 4o k3

. AT Ny L
5 V- pRSa S -

Y
Of
yg ¥

e Saae m oy
BN A ARAg

. A
-

T

3

2
SR
I

e :!'.:r =

S S R T
- e A . oo °
FIG 9
ANME v=_{lc¢c.s.. and v=35 c.s.

N
(S 2




approximate amplitude at which it occurs is given in the following table:

V C.S. Arplitude, degrees
<2
i 3 .1
15
13 1.0
L9 2.€
100 5.3

A semi-log plot of the amplitude vs time for v = 1 c.s. in the 2.5"
cavity is given in Figure 10. This is to be regarded only as an illustration
cf a general trend, with small irregularities removed. Similar plots for
various viscosity oils tested in the 2" cavity are shown in Figure 1il.

Tne effect of spin on growth of amplitude in the 2" cavity is shown in

|

bz

igare 12. It is to be noted that the constart amplitude level is more

sensitive tc the diameter of the cavity than to the spin.

As spown by the records, and the graphs, the rate of growth of the
ampiitude is amplitude dependent. The damping factor, therefore, is also
amplitude dependent since it is related to the ratio of the inviscid to
viscous rates, arnd the inviscid rate is assumed constant. Hence, care
mist be exercised in assigning physical significance to the exponent of
Ke cttained from the correlation of the damping factor with the Reynolds
rurters. At very srmall amplitudes the exponertial rate is amplitude
independent, and the exponent of Re probaciy has the physical significance

assigned to it, ihal is, that the boundary layer is laminar.

To illustrate the dependence of damping factors on amplitude, damping
factors were computed from measured rates at three poinis on amplitude
ves: just following the first discontinuity, and at 2° and 4°. The
resulis are shown in Figure 13. The two lines, transposed from Figure 3,

(2]

with siopes of - 1/2 and - 1/h, do satisfy some of these otserv- cioms:

the - 1/2 line for heavier oils at all three amplitudes, and - 1/% lire
for lighter oils at about 1° amplitude. The former reflects the fact that
for heavier oils the first discontinuity in the rate occurs at amplitudes

larger than 4°. 27
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For lighter oils (v =1, 3, 5, and 13 centistokes), althoughL the

demping factors at one degree amplitude seem to lie close to the - 1/b
line, there is a systematic trend with viscosity away from this line.

The data for these four olls are better represented by

U SR (12)
Ire
Whether such dependence of & on Re is also fortuitous, as is the - 1/b
power cbiained in Reference 1, or has some physical significance in

terms of the nature of the boundary layer, at present is unknown.

7. FREQUENCY DISPLACEMENT

Table IT shows that there is a progressive shift in the resonant fluid
frequency with viscosity. The shift arises from slight change in the effec-
tive fineness ratic of the cavity due to presence of the boundary layer.

The thecu:'y3 shows that this displacement is a similar function of the
Reynolds numbers as is the amplitude at resonance, i.e.

t - g < Sopstant (12)

oo n JRe

Presenc data, at small amplitudes, is consistent with this prediction as

is shown in Figure 14. Because of the uncertainty of the small displacement
at lower viscosities, especially when plotted on logarithmic scale, only
At's for v 2 13 e.s. are included. Also are included data from Reference 1.
The observed displacement is reasonably well reprecented by

At

M=t -7 =- L ig S.a.,
where 1:00 is the inviscid freguency. Therefore, in a cylindrical cavity
with a fineness ratio, c/a ~ 3, the maximum instability occurs at an

(13)

inviscid fluid frequency

(x ) . =1 - (24)
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and not at Too = Tp In other words, the maximum instability occurs either
at slightly higher fill-ratio or smaller fineness ratio than those predicted
by the inviscid theory. For other modes, the constant in Equation (14)
might be 'different.

8. CONCLUDING REMARKS

It has been demonstrated that Stewartson!s inviscid theory of resonance,
with Wedemeyerts viscous correction, gives excellent predictions over a
wide range of Reynolds numters of the fill-ratio at which the resonance
occurs. Moreover, it accurately predicts the initial rate of growth of
the nutational component at resonance. In practice, such informatior
should be of great value to designers of liquid filled shell configurations.
However, demonstrated nonlinear or amplitude dependent behavior should be

kept in mind.

The following illustrates the consequences of nonlinear behavior
which may lead the designer astray. The 2.5" cavity was completely filled
with v = 1 e.s. oil. According to Figure 4, at 100 percent full,
T, = .028, the gyroscope is practically stable, i.e., oy ~ 0. Experiments
were performed with several arbitrarily imposed different initial amplitudes.-
Up to about six degrees the amplitude showed essentially zero damping.
Above this amplitude, the amplitude suddenly diverged reaching a constant
level of ten degress. In practice, therefore, the shell may be designed
to be. stable at small launch yaws and, yet, develop "sudden" instability
at summittal yaws. Such behaviors were apparently encounted in practice,

i.e., dependence of behavior on quadrant elevation.

Long ordnance experience with liquid filled shell led to the
recognition of several variableswhich appeared to influence their
dynamics. These are:

1. Air space in cavity

2. Specific gravity of the liquid
3. Liquid viscosity

k., Spin level of the shell

3k
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5. Shell velocity
6. Quadrant elevation
7. Geometry of the cavity.

For cytindrical cavities, Stewertson's inviscid theory with Wedemeyer's
viscous correction adequately accounts for the first three variables.

The next three are probably related to non-linear behavior of the oscillating
fluid at larger amplitudes. Tne last item needs further investigation.

B. G. KARPOV
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